Ghost-free theories beyond the Horndeski class exhibit a partial breaking of the Vainshtein mechanism inside non-relativistic sources of finite extent. We exploit this breaking to identify new and novel astrophysical probes of these theories. Non-relativistic objects feel a gravitational force that is weaker than that predicted by general relativity. The new equation of hydrostatic equilibrium equation is derived and solved to predict the modified behaviour of stars. It is found that main-sequence stars are dimmer and cooler than their general relativity counterparts but the red giant phase is largely indistinguishable. The rotation curves and lensing potential of Milky Way-like galaxies are calculated. The circular velocities are smaller than predicted by general relativity at fixed radius and the lensing mass is larger than the dynamical mass. We discuss potential astrophysical probes of these theories and identify strong lensing as a particularly promising candidate.
I. INTRODUCTION
The acceleration of the cosmic expansion [1, 2] is one of the biggest mysteries in modern physics. For more than a decade, there has been a major theoretical and observational effort (see [3] for a review) to understand the underlying mechanism. Infra-red modifications of gravity are a promising and active area of research (see [4] for a review) but any viable modification must be compatible with solar system tests. This constraint usually renders any modification irrelevant on cosmological scales due to the need to tune any new effects to be sub-dominant to general relativity (GR) by five orders-of-magnitude or more. For this reason, theories that contain screening mechanisms (see [5] for a review) such as chameleon gravity [6, 7] , symmetrons [8] and the Vainshtein mechanism [9] are particularly promising due to their ability to give rise to order-one effects on cosmological scales whilst using non-linear effects to recover GR in the solar system. The first two mechanisms (and their generalisations) predict a plethora of astrophysical signatures that have been used to place incredibly strong constraints on the model parameters [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . So strong in fact that modified gravity effects cannot drive the cosmic acceleration [21] . This paper is concerned with the Vainshtein mechanism.
Unlike chameleon-like theories, the Vainshtein mechanism is so efficient at screening that, to date, there is an absence of novel small scale probes 1 . The Vainshtein mechanism features in many modified theories of gravity, the quintessential paradigm being galileons [23] . Unlike chameleon-like theories, these are defined in the decoupling limit and are the most general theory of a scalar field possessing the shift symmetry φ → φ + c µ x µ + b in this limit. This symmetry leads to higher-order derivative terms in the action such as (∂ µ φ) 2 φ but ensures that the equations of motion are second-order and hence the theory is ghost free. In order to examine the cos-mology of these theories, one requires a covariantisation so that the theory is defined on any background. This covariantisation is not unique and there are many inequivalent theories that give rise to the same theory in the decoupling limit. One covariantisation (if only the cubic galileon is present) is DGP gravity [24] where the galileon appears in the four-dimensional effective theory as the position of the 5D brane. This scenario is ruled out by cosmological observations [25] and, furthermore, the self-accelerating branch has a ghost [26] . Another valid covariantisation is ghost free massive gravity [27] and massive bi-gravity [28] (see [29] for a review of massive gravity). In its simplest form, massive gravity does not admit exact Friedmann-Robertson-Walker (FRW) solutions [30] and more complicated forms do not have a standard cosmology [31] . Massive bi-gravity does admit FRW solutions but these are unstable at the level of linear perturbations [32] [33] [34] [35] . Institute of Cosmology and Gravitation, University of Portsmouth, Portsmouth PO1 3FX, UK One may instead try to covariantise the theory directly by promoting the partial derivatives to covariant ones. This process spoils the ghost-free nature of the theory since couplings to curvature tensors that are zero when the space-time is Minkowski give rise to higherorder derivatives of the scalar and the metric. One can remove these from the equations of motion by introducing non-trivial couplings of the scalar to curvature tensors in the action. One is then led to Covariant galileons [36] . Unfortunately, this covariantisation is ruled out by cosmological probes [37] [38] [39] [40] . Covariant galileons are a subset of the Horndeski Lagrangian [41] , the most general Lagrangian with a scalar coupled to gravity that results in second-order equations of motion. Until recently, this was believed to be the most general ghost-free action for this particle content but [42, 43] (see also [44] ) have shown that there are healthy extensions of this whereby the equations of motion are at first glance higher-order but reduce to second-order after the application of hidden constraints. In particular, the näive covariantisation of galileons discussed above falls into this class of models.
Interestingly, [45] have shown that the Vainshtein mechanism is only partially operational in theories be-yond Horndeski. Whereas it operates perfectly outside sources there is an incomplete suppression of the fifthforce in the interior of extended sources due to the timedependence of the cosmological field (see [46, 47] for other examples of how cosmological time-dependence can be important on solar system scales in extended theories of gravity). This opens up the possibility of testing these theories on small scales using astrophysics. The aim of this paper is to discern the new novel probes that may potentially be used to probe these theories.
We begin by looking at the effects on stellar structure. After finding the new equations for the metric potentials Φ and Ψ inside sources, the equation of hydrostatic equilibrium predicted in these theories is derived. The theory introduces one additional dimensionless parameter, Υ, that depends onφ, the time-derivative of the cosmological scalar and Λ, the mass-scale appearing in the quartic galileon Lagrangian. In order to gain some analytic and physical insight into how the properties of stars are altered in these theories, polytropic modes (with an equation of state P ∝ ρ γ ) are examined. These are useful because they decouple the effects of gravitational physics from those due to baryonic physics. The equations of stellar structure remain homology-invariant, which allows a Lane-Emden-like equation governing the structure of polytropic stars to be found. Main-sequence stars are well-described by γ = 4/3 polytropes and so we proceed to solve the Lane-Emden equation for this value. It is found that main-sequence stars are less luminous than their GR counterparts at fixed mass. In order to provide more accurate predictions that can be compared with data, we have modified the stellar evolution code MESA [48, 49] to include the new equation of hydrostatic equilibrium predicted by these theories. The code reveals that for low mass (∼ 1M ) the main effect of the modifications is that equivalent stars have higher effective temperatures at fixed luminosity. This effect is large on the main-sequence but is only minor on the red giant branch and is degenerate with keeping GR as the theory of gravity and increasing the metallicity. Higher mass stars exhibit similar features except the luminosity dimming is more pronounced.
Finally, we turn our attention to galactic probes. We compute the modified rotation curves and lensing potentials for Milky Way-like galaxies. It is found that nonrelativistic objects have smaller circular velocities at fixed radii than predicted by GR and that light is lensed more strongly. We comment on the use of strong lensing as a potential probe of this effect. This paper is organized as follows: Quartic galileons and the Vainshtein mechanism are reviewed in the next section where the equations governing the metric potentials Φ and Ψ are derived. In section III the new equation of hydrostatic equilibrium is derived. It is used to find the modified Lane-Emden equation governing the structure of polytropic stars and we subsequently specialise to stars with equations of state of the form P ∝ ρ 4/3 i.e. main-sequence stars. The resultant equations are solved to show that main-sequence polytropic stars are dimmer than their GR counterparts. In the remainder of the section the stellar structure code MESA is used to produce realistic predictions and it is found that in addition to being dimmer, main-sequence stars are cooler (in the sense that they have smaller effective temperatures). Galactic effects are studied in section IV where we examine the rotation curves and lensing potentials of Milky Waylike galaxies. The circular velocities of non-relativistic objects are smaller than the GR prediction at fixed radius and light is more strongly lensed. We discuss our results and conclude in section V. The metric signature is (−, +, +, +) and the Planck mass M pl 2 = (8πG N ) −1 .
II. MODIFIED GRAVITY THEORIES AND THE VAINSHTEIN MECHANISM
Theories that screen using the Vainshtein mechanism are abundant in the literature (see [4] for example) and galileons are the most common paradigm by far. These are defined in the decoupling limit by the following Lagrangian 2 :
where T µν is the energy-momentum tensor in the matter sector and T is its trace.
Here φ µ1...µn = ∇ µ1 . . . ∇ µn φ and X = −1/2∂ µ φ∂ µ φ 3 . Note that we have allowed for an arbitrary sign specified by λ = ±1 in the quadratic term. In the absence of any higher-order terms one requires λ = 1 in order to have stable solutions, by which we mean that both Minkowski and FRW space-times are stable solutions of the Einstein equations. When the higher-order terms are included, one can have stable solutions even when λ = −1, although Minkowski solutions are no longer stable. In the remainder of this subsection we will take λ = 1 in order to illustrate the Vainshtein mechanism in the decoupling limit with a conformal coupling specified by α. The theory we will study below does not have a conformal coupling α but instead sources the galileon through couplings to the curvature tensor present when the quartic term is covariantised. In Appendix B we study the exterior profile of the metric potentials for this theory. The theory where λ = −1 has consistent screened solutions but we are unable to find corresponding solutions for the case λ = 1. For this reason, we will take λ = −1 at the conclusion of this subsection. The choice of sign represents two distinct theories and recent analyses of galileon models shows that CMB data prefers this choice of sign [39] . In fact, the novel effects described in this work not affected by the choice of sign for the quadratic term.
Despite being higher-order in the action, the equations of motion are precisely second-order and so there are no ghost instabilities. Whilst fine around flat space, the final two Lagrangians do not give rise to second-order equations of motion about an arbitrary space time because their variation leads to couplings of the field to curvature tensors that are identically zero when the space-time is Minkowski 4 . These terms always contain third-order (or higher) derivatives of the metric or fields. In fact, the Lagrangians above are not unique and there is an infinite number of equivalent descriptions that are related via integration by pats. Indeed, one can remove the final term in L 3 and the terms in the curly brackets in L 4 and L 5 . One way to restore the ghost-free nature of the theory is to start from these simpler forms and add additional couplings of the fields to curvature tensors so that the higher-order derivatives exactly cancel. With this procedure, one is led to covariant galileons [36] . These are a subset of the Horndeski Lagrangian [41] , the most general Lagrangian with second-order equations of motion. Recently, [42, 43] (see also [44] ) have shown that there exist Lagrangians that give rise to higher-order equations that are still ghost-free due to the existence of hidden constraints. The näive covariantisation of L 4 and L 5 are a subset of the most general Lagrangian and so this presents us with a new and interesting theory that screens using the Vainshtein mechanism that has yet to be explored. In fact, one can show that the static, spherically symmetric Vainshtein solution is unstable to perturbations when c 5 = 0 [50] and so from here on we will investigate the Lagrangian
[43] have dubbed the entire class of beyond Horndeski theories G 3 and so we will refer to this theory as the G 3 -galileon.
Before examining the breaking of the Vainshtein mechanism this covariantisation, we briefly review the screening of the quartic galileon in the decoupling limit for comparative purposes. The equation of motion for static, spherically symmetric over-densities
The first term is simply ∇ 2 φ and is due to the quadratic term in the Lagrangian, whilst the second term is due to the quartic Lagrangian. The fifth-force F 5 due to the conformal coupling (see [46, 47] for a discussion of the disformal coupling) is F 5 = −αφ and so one can integrate (7) to find the algebraic relation
where F N is the Newtonian force. One can see that on large enough length scales (to be made precise shortly)
2 F N is a consistent solution of the equation and the force is unscreened. On smaller length scales, one has
where we have assumed a point mass source ρ(r) = M δ (3) (r) in order to provide a concrete expression. The Vainshtein radius r V defines the transition between the screened and unscreened regime. When r r V , the force is unscreened and when the converse is true one has F 5 F N and the force is screened. Typically, an object characterised by some length scale R has a Vainshtein radius r V R, for example, the Vainshtein radius of the Sun encompasses the entire solar system [51, 52] . For this reason, the Vainshtein mechanism is very efficient at screening and there have been few astrophysical signatures to date (see [22, 53, 54] for some exceptions to this). Below, we will examine the non-relativistic limit of the G 3 -galileon and show that the Vainshtein mechanism is only partially effective.
A. The Non-Relativistic Limit
We wish to derive the equations governing Newtonian perturbations about an FRW space-time sourced by some non-relativistic density profile ρ(r). To this end, we expand the field about its cosmological value φ(r, t) = φ 0 (t) + π(r, t) and the metric as
Note that from here on we take λ = −1 so that the field has a non-standard kinetic term as described above. The radial coordinate is r = a δ ij x i x j . In what follows, we will assume that the local effects are due primarily to the cosmological boundary condition on φ and not due to effects coming from the FRW metric. To this end we will ignore all factors of a(t) and H(t) 5 . We also ignore any time-dependence since we are interested in static situations in this work. Next, we must solve the equations of motion for the dynamics of Φ, Ψ and π.
This has already been studied by [45] for the full set of beyond Horndeski theories. There, they expanded the action to the relevant order in metric and field perturbations in order to derive an effective non-relativistic action. One must be careful when gauge-fixing the action. There are certain criteria for doing so in order that information is not lost in the resulting equations of motion and, as discussed by [55] , fixing the conformal Newtonian gauge (10) at the level of the action may result in equations of motion that are not equivalent to those found from the gauge fixed forms of the equations found using the full action. For this reason, we have derived the nonrelativistic limit by gauge-fixing the equations of motion and not the action. This derivation can be found in Appendix A. In fact, our equations are identical to those of [45] when their parameters are chosen to match ours but there is no underlying reason for this and, indeed, it is not necessarily the case that this is the case for more general models.
In what follows, we will use the variables (which are similar to those used by [45] )
where a prime denotes a derivative with respect to the radial coordinate and M (r) is the mass enclosed within a sphere of radius r. Using these variables, one finds the following equations in the non-relativistic limit (after integrating the equations of motion by parts, see Appendix A):
where
5 This is an ad hoc assumption that must be tested for selfconsistency. In fact, if one were to include these factors, the only change would be in how the final new parameter Υ is defined in terms of the parameters appearing in the fundamental theory. Since we will always work with Υ and notφ 0 or Λ we are not missing any potential new effects by making this assumption.
One can then use equations (12) and (13) in equation (14) to find an algebraic equation for x:
Note that x does not appear in this equation; this is the hidden constraint of the beyond Horndeski action. Taking A 1 6 one finds
At this point we introduce the new parameter
This is the parameter that quantifies the size of the new effects presented here and we will work with it exclusively from here on. Using (17), the solutions for y and z are
One would ideally identify Newton's constant as
but this definition is subtle since we do not know the solution for the metric potentials outside of the source. Traditionally, one works in a gauge where, to Newtonian order,
outside the source, which defines G N . We will show in Appendix B that (21) is indeed the correct definition of G N . This then allows us to write (19) and (20) in the more useful form
These will be our starting point when deriving the new properties of stars and galaxies. Before doing so however, it is worth pausing to note three important properties of these equations. First, the extra terms that appear are not due to contributions from x ∼ π ; these terms have been suppressed by the Vainshtein mechanism. Instead, they are due to the cosmological time-derivatives that the Vainshtein mechanism fails to suppress. This behaviour has previously been noted in the case of covariant quartic galileons [40] , however there the effects were simply a time-dependent rescaling of Newton's constant. Second, we will show in Appendix B that the PPN parameter γ = 1 and this means that, a priori, there are currently no constraints on the parameter Υ 8 . In practice, we expect it to be small and one of the aims of this work is to discern the typical values which lead to large deviations from GR. Third, the final term in equation (23) is typically negative provided that the density decreases outwards (as it does in most astrophysical systems). Since dΦ/ dr governs the motion of non-relativistic particles the theory predicts that any such objects moving inside a larger source will feel a reduced strength of gravity than that predicted by GR.
III. STELLAR STRUCTURE TESTS
Since we are working in the Jordan frame, the energymomentum tensor of matter is covariantly conserved and so one has ∇ µ T µν = 0. Taking the energy-momentum tensor to be that of a static, spherically symmetric nonrelativistic source, the Euler equation found from this conservation law is
using equation (23), one finds the new hydrostatic equilibrium equation, which governs the structure of stars:
This is the only modification to the stellar structure equations in this theory. The conservation of mass is unaltered:
and for later convenience one can differentiate this to find
The other two stellar structure equations do not depend on the theory of gravity; they are the radiative transfer and energy generation equations respectively:
where L is the luminosity, κ is the opacity, (r) is the energy generation rate per unit mass and a is the constant relating the radiation pressure to the temperature (see below). Equation (26) is all that is required to study the structure of non-relativistic stars in these theories. We will do this below, first for simple polytropic models and then for realistic stars found using a consistent numerical implementation of the new hydrostatic equilibrium equation. The former models are not powerful enough to allow a comparison with real data however they are useful in that they decouple the non-gravitational physics, which allows one to gain an analytic handle on the new effects arising in these theories without the complications arising from thermodynamic effects. Furthermore, mainsequence stars are well-approximated by certain LaneEmden models and this will allow us to discern the new features one would expect in stars like the Sun. LaneEmden models have been particularly useful in understanding how stars behave in chameleon (and other similar) theories of gravity [10, 16, 19] .
A. Polytropic Models
In the absence of any knowledge of the micro-physics, the stellar structure equations do not close and one must supply and equation of state relating P and ρ. Polytropic models are defined by the equation of state
n is known as the polytropic index. Main-sequence stars are well-described by n = 3 and fully convective stars are well-modelled by n = 1.5. In GR, polytropic models lead to self-similar equations of stellar structure and since the new parameter Υ is dimensionless the same is true in this theory. We can then scale out the dimensionful quantities in the theory by writing r = r c ξ ρ = ρ c θ(ξ) n and P = P c θ(ξ) n+1 , where P c and ρ c are the central pressures and densities and
Note that P c and ρ c are related via P c = Kρ c (n+1)/n . One can then insert equation (31) into equation (26) and use equations (27) and (28) to find
When Υ = 0 this equation describes the structure of polytropic spheres collapsing under gravity described by GR. In this case, it is known as the Lane-Emden equation and so we refer to (33) and the modified Lane-Emden equation (MLE). The boundary conditions for the dimensionless density θ are θ(0) = 1 (so that ρ(0) = ρ c ) and θ (0) = 0, which is a requirement of spherical symmetry. The radius of the star is found from the value of ξ R defined by θ(ξ R ) = 0 so that R = r c ξ R . One can then see that the extra terms in equation (33) vanish at the surface of the star and for this reason, stars in this theory share many features with GR. In particular, the mass of the star is
This is precisely the same formula that is found in GR.
The only difference being that ω R will be different depending on the value of Υ. In particular, this means that whereas a star with fixed central density will have different masses between the two theories, the mass-radius relationship R ∝ M (n−1)/(n−3) predicted by GR is unaltered.
One can in principle solve equation (33) to find the new properties of many polytropes. The goal of this paper is to predict the new observational features this theory predicts and so we will now specialise to the case of mainsequence stars.
Main Sequence Stars
We will investigate the new properties of these stars using the Eddington standard model. The key assumption of this model is that the specific entropy gradient (∝ T 3 /ρ) is constant, which allows us to decouple the radiative transfer and energy generation equations. The opacity is taken to be constant and we assume that the pressure supporting the star is due to the thermodynamic properties of the gas,
where µ is the mean molecular mass, and the radiation pressure from photons generated by hydrogen burning in the core,
so that the total pressure is
Defining the quantity β ≡ P gas /P , one can equate P gas with P rad /(1 − β) using (36) and (37) to find
The assumption that the specific entropy gradient is constant ensures that β is a constant, in which case one can use equation (39) in equation (38) to find
with
Equation (40) is the equation of state of an n = 3 polytrope and so we can describe these stars by solving the modified Lane-Emden equation. One important observational property of main-sequence stars is their Luminosity, which we can predict as follows. Differentiating equation (37) and substituting it into the hydrostatic equilibrium equation (setting P = (1 − β)P rad ) one finds (at the surface of the star)
This is identical to the expression found in general relativity and so any observational differences (at fixed mass), if any, are encoded in β. One then requires an expression for β. This can be found as follows: Inserting the definition of r c (32) and equation (41) into equation (34) one finds the modified form of Eddington's quartic equation:
is the Eddington mass andω R ≈ 2.018 is the value of ω R when Υ = 0 (i.e. the result in GR). Numerically, one has M Edd ≈ 18.3µ −2 and from here on we take µ = 0.5, corresponding to fully ionised hydrogen, which is appropriate for main sequence stars burning on the PP-chains. Equation (43) then shows that all of the modified gravity effects are encoded in the new value of ω R , which is a number describing the change in the structure of the star.
We are now in a position to integrate the MLE numerically and derive the new properties of main-sequence stars. It is well-known that there are subtleties with integrating the Lane-Emden equation numerically and these persist with the MLE. We briefly describe how the equation is integrated numerically in Appendix C. We begin by plotting the Lane-Emden function θ(ξ) for various values of Υ ∼ 10 −1 in figure 1 . The deviation from the GR curve are indistinguishable when Υ < ∼ 10 −2 . One can see visible changes in the shape of the function and the intersect on the ξ-axis (i.e. the value of ξ R ), namely that solutions with larger Υ have larger values of ξ R 9 . Indeed, plottingω R /ω R andξ R /ξ R as a function of Υ in figure  2 shows that one expects large signals when Υ > ∼ 10 −2 . That being said, one should not draw too many conclusions directly from θ(ξ) and ξ R . Using these solutions, we can solve equation (43) to find β(M ), which can be used in equation (42) to find the ratio of the luminosity predicted in the new theory to that predicted by GR at fixed mass. In figure 3 we plot 9 One should be careful to note that this does not necessarily imply that the stars have smaller radii since this is degenerate with changing the central density and K. Indeed, if one wishes to compare two stars then it is important to decide which quantities to fix and which to vary in order to make a meaningful comparison.
the ratio for a 1M star as a function of Υ. Once can see that there is a visible decrease in this ratio around Υ ∼ 10 −1 . In figure 4 we plot the same ratio as a function of mass for three fixed values of Υ. One can see that the modifications affect low mass stars to a greater extent than high mass stars. This is because low mass stars are gas pressure-supported whereas high mass stars are radiation pressure-supported. The luminosity of gas pressure-supported stars is more sensitive to the strength of gravity than radiation pressure-supported stars (see [10] for a discussion on this), hence the turn towards GR at high masses. The stars in the new theory are dimmer by a factor of 5 for Υ ∼ 0.2 and the ratio increases steadily towards 1 when Υ is decreased. In particular, the ratio is greater than 0.9 when Υ < ∼ 0.1. Very dim stars of 1M are clearly at odds with observations of the solar brightness and so one can tentatively place the constraint Υ < ∼ O(10 −1 ) 10 . Said another way, since the cosmology of this theory has yet to be worked out, any theory with a best-fitting model that requires Υ > ∼ O(10 −1 ) is likely in tension with astrophysical constraints.
FIG. 3. The luminosity enhancement for a 1M star as a function of Υ.
10 This is only tentative because polytropic models are subject to the caveats mentioned above and these effects may be diminished by or be degenerate with non-gravitational physics not included in our model. Furthermore, it may possible to achieve the observed solar luminosity in more complicated models by changing unmeasured quantities such as the solar equation of state or the neutrino loss rate. Indeed, we will see in the next section that the effect of increasing Υ is degenerate with increasing the metallicity. 
B. Realistic Stars
The simple semi-analytic model above suffers from several drawbacks. Firstly, it does not include any nongravitational physics. Secondly, it predicts that the surface temperature, one of the most important observational properties of stars, is zero 11 and so the modification to the stars colour, if any, is unknown. Finally, it is unable to treat post-main-sequence stars such as red giants due to their complex composition and the absence of any convectional physics in the model.
For these reasons, we have modified the publicly available code MESA [48, 49] to solve the modified stellar structure equation (26) . MESA is a self-consistent stellar evolution code that solves the stellar structure equations coupled to convection recipes, nuclear reaction networks, atmosphere models and radiative transfer processes. It is able to produce stellar models that are realistic and can be compared with observational data. Indeed, it has already been used to place the most stringent constraints on chameleon theories [10, 12, 16] to date. Gravitational physics only appears in the MESA code via they hydrostatic equilibrium equation. All other equations encode the effects of processes such as convection or nuclear burning, which are not directly controlled by the theory of gravity. For this reason, the only change we have made is to replace the GR equation with equation (26) .
As an example, in figure 5 we plot the HertzprungRussell (HR) diagram for a solar mass star. Included are the tracks for a star with solar metallicity (Z = 0.02) as predicted by GR and G 3 -galileons with various values of Υ indicated in the caption. One can see that the main effect is in the temperature rather than the luminosity. Main-sequence stars have a smaller effective temperature than stars at the same point on the HR track when the modification is stronger. An examination of the tracks shows that the effect is far more pronounced in mainsequence rather than red giant stars. As with any astrophysical system, one must worry about degeneracies. Stars with higher metallicities have smaller effective temperatures 12 at fixed luminosity and this is one potential source of degeneracy. Indeed, figure 5 also includes the GR tracks for stars with Z = 0.01 and Z = 0.03. One can see that the main-sequence track for a G 3 star with Z = 0.02, Υ = 0.1 is nearly coincident with the mainsequence track for a GR star with Z = 0.03. On the main-sequence, the effect of G 3 -galileons is to mimic stars of larger metallicity. This is not the case for post-main sequence stars because the tracks converge to a value very close to the GR prediction whilst the higher metallicity GR star still has a smaller effective temperature. Finally, we indicate the point on each track when the age of the star is solar age. One can see that stars with stronger modifications to GR evolve more slowly and are less ephemeral than their GR counterparts (at fixed metallicity). As a final example. we plot the HR tracks for 2M stars in figure 6 . Shown are the tracks for Z = 0.02 stars in GR and G 3 -galileons with Υ = 0.3 and Υ = 0.1. One can see a similar effect to that found for solar mass stars where the effective temperature is smaller with increasing Υ but the decrease in the luminosity is also more pronounced. This is in contrast to what we found in the previous section. Higher mass stars have a composition that is far less uniform than low mass stars and are not as well-described by polytropic models. If one is simply changing the value of G N then the change in the luminosity is due entirely to the change in β, however, since equation (26) depends primarily on the internal structure of the star it is possible that polytropic models miss important contributions coming from non-uniform compositions. Finally, we have also plotted the track for a GR star with Z = 0.03. One can again see that the mainsequence portion of this track is nearly coincident with the G 3 -galileon star of solar metallicity, showing that the degeneracy is still present for higher mass stars. Again, the two tracks differ in the post-Main-sequence phase. 
IV. GALAXY TESTS
Galaxies are another astrophysical object that can potentially exhibit effects due to their extended dark matter profile. In what follows, we will investigate two potential signatures of the breaking of the Vainshtein mechanism: rotation curves and lensing. In all cases we will assume that the dark matter is distributed according to the the Navarro-Frenk-White (NFW) profile [58] :
We will always examine Milky Way-like galaxies and so we will take r s = 20 kPc and ρ s = 6.68 M kPc −3 in order to provide concrete numbers. These are typical values for the Milky Way (assuming a halo mass of 10 12 M ) [59, 60] .
A. Rotation Curves
In general relativity, the rotation curve of a galaxy is a direct probe of the derivative of the gravitational potential and is hence a probe of the interior mass distribution. Here, we will take the density profile as given 13 and use the modified equations for Φ and Ψ to predict the new galactic properties given these profiles.
Assuming circular motion, the velocity and radius of a test body inside the halo are related via
and so using equation (23) 
The rotation curve for a Milky Way-like galaxy is plotted in figure 7 for various values of Υ indicated in the caption. One can see that the discrepancy between the two theories is minimal at small radii and so the part of the curve measured using stellar velocities is largely unchanged. The discrepancy is more pronounced at larger radii where the curves begin to flatten. Here, G 3 theories with larger values of Υ predict that objects orbit with smaller circular velocities than predicted with GR. The velocities in this portion of the curve (in the Milky Way) are typically measured using HI emission lines. 
B. Strong Lensing
The bending of light inside a source is governed by the lensing potential (Φ + Ψ). Using equations (23) 
In figure 8 we plot the ratio (Φ + Ψ)/2Φ, which quantifies the amount by which light is bent by gravity relative to the gravitational force felt by object moving at nonrelativistic velocities, for various values of Υ indicated in the caption. GR predicts that Ψ = Φ so that this ratio is unity. One can see from the figure that this ratio is larger than unity in G 3 -galileon theories and increases with increasing Υ. This means that the lensing mass is larger than the dynamical mass and so strong lensing could be used as a novel probe. Indeed, [61] have already used strong lensing, which probes the weak field metric on kilo-parsec scales, to constrain deviations of the parameter γ, defined by
from unity to the 5% level. Their constraint cannot be used to constrain our model parameters since Φ and Ψ are not inverse-square in our model. Nonetheless, this serves as an example of how astrophysical measurements such as strong lensing can probe this theory of gravity. 
V. DISCUSSION AND CONCLUSIONS
In this paper we have studied the non-relativistic limit of a subset of beyond Horndeski theories, the covariantisation of the quartic galileon or, as we have dubbed it, the G 3 -galileon. We have found that whilst the Vainshtein mechanism is active in suppressing gradients of the scalar degree of freedom, the equations of motion for the metric potentials are different from the Poisson equation. In particular, there are extra terms inside sources of finite extent proportional to the first and second derivatives of the mass. These terms act to weaken the strength of gravity provided that the density decreases outward, as is the case for most astrophysical sources.
This opens up the possibility of testing these theories using the astrophysics of finite sources and in this paper we have taken the first steps towards identifying new and novel probes. The strength of the deviations can be quantified by a single number, Υ, which is a combination of the time-derivative of the cosmological scalar and the new mass scale Λ appearing in the quartic galileon Lagrangian. To-date, the specific theory has yet to be constrained using other, more conventional proves, and so a priori there are no constraints on Υ.
One promising probe is the equilibrium structure of stars. Indeed, these have already been used to place the most stringent constraints on chameleon-like theories todate. We have derived the modified hydrostatic equilibrium equation and have used it to study both simple semi-analytic polytropic stars and fully realistic stars by updating the stellar structure code MESA. In the former case, the modified Lane-Emden equation was derived for a general polytropic index before specialising to the case of main-sequence stars. The weakening of gravity causes stars to be dimmer than their GR equivalents at fixed mass. Full MESA simulations revealed that the surface temperature is also lower and so one would generally expect stars of fixed mass to be dimmer and redder than their GR counterparts. We also found that the G 3 -stars evolve at a slower rate than the equivalent GR stars. As with any astrophysical test of gravity, there are degeneracies with non-gravitational astrophysical processes. We identified a degeneracy with metallicity where a G 3 -star of fixed mass and metallicity mimics a GR star of the same mass with a larger metallicity on the main sequence. This is not true on the red giant branch, where the G 3 -star tracks are nearly identical to the GR tracks for stars of the same metallicity. This then suggests a potential probe of these theories whereby the metallicity (and possibly age) of a globular cluster inferred from the mainsequence portion of the HR diagram would differ from that inferred using the red giant branch.
Next, we turned our attention to galactic probes. We calculated the rotation curves for Milky Way-like NFW halos and found that non-relativistic objects orbit with smaller circular velocities in G 3 -galileon theories compared with GR. The effect is minimal on the portion of the curve that rises steeply but can be large when the curves flatten. The lensing potentials were also calculated and it was found that the lensing mass is larger than the dynamical mass. This is a unique probe of these theories since most theories of modified gravity predict the converse [62] . The difference can be at the 10% level for certain parameter choices and so this could potentially be probed using strong lensing.
Before concluding, it is worth commenting that the specific model studied here is known to have a gradient instability [63] at late times. Whereas this is not catastrophic for the theory, it is worrying. One can cure this by adding more Horndeski (and possibly beyond Horndeski) terms. In terms of our calculations here, this changes very little. Following the analysis of [45] , no new terms in the equation of motion for Φ are generated and all that changes is the definition of Υ in terms of the fundamental model parameters. Our predictions for non-relativistic objects (stars and rotation curves) is therefore robust to this change since we have quoted all of our results in terms of Υ. The only difference is the introduction of a new parameter in the equation of motion for Φ, by which we mean Υ →Υ = Υ in equation (24) whilst Υ remains in (23) . In this case the lensing potential would depend on two parameters but would look qualitatively the same. This is only the case when the Lagrangian contains quintic terms (either Horndeski or beyond Horndeski) and couplings of the scalar to the Ricci scalar proportional to X (see [45] , Appendix 2).
The breaking of the Vainshtein mechanism is only present when the cosmological scalar has a non-vanishing time-derivative. All of the effects presented here were non-negligible when Υ > ∼ O(1) and so any theory whose best-fit cosmology predicts values of Υ in this range can potentially be probed using astrophysics.
Finally, we conclude by discussing future avenues for testing the breaking of the Vainshtein mechanism. Here we have only studied the equilibrium structure of stars but this is only probed using the surface properties. Stellar oscillations and helioseismology allows one to probe the structure of stars and contains far more information. Indeed, the strongest constraints on f (R) theories comes from stellar pulsations [12] . Since the theory predicts that our own Sun is subject to the breaking of the Vainshtein mechanism one potential probe would be to look at radial and non-radial modes of stellar oscillations. We have also seen that the tracks in the HR diagram for G 3 -stars mimic those in GR with higher metallicities and so one potential signature may arise if larger mass stars cross the instability strip at different locations at fixed metallicity. This would manifest as a change in the period-luminosity-mass-colour relation for Cepheid and RR-Lyrae variable stars. Another interesting possibility is convective stars, which have n = 1.5 Examining the modified Lane-Emden equation reveals that,for these stars, it contains a term proportional to θ(ξ) −1/2 , which diverges at the stellar radius. This may suggest that fully convective stars may not exist in these theories. White dwarf stars are also subject to the modifications and it is possible to extend our polytropic analysis 14 to derive their new properties and the Chandrasekhar mass to see if it is modified.
All of these effects could potentially probe the entire class of beyond Horndeski models and here we have presented the tools required to do so, using the G 3 -galileon as a specific example.
Phantom Quadratic Kinetic Terms
This is the theory with λ = −1. Solving equation (B5) gives
One can then substitute this back into equations (B2) and (B3) to find expressions for x and z. It turns out that these do not depend on B 3 and so one can use the boundary conditions to find
(B10) One can check that with these solutions the boundary condition for x is satisfied independently of B 3 given these solutions. One then finds 
The PPN parameter is defined in (22) and so one finds
Experimentally, one has |γ − 1| < 2.3 × 10 −5 [66] and, given the numerical value for the second term, one can see that there may be tension with this bound when Υ > ∼ O(10 −3 ). That being said, the solar model of [65] is not an experimental measurement but a fit to oscillations of radial and non-radial modes of the Sun assuming GR. The equations governing stellar oscillations will be modified in these theories (see [16] for an example of this) and, furthermore, we have seen that large values of Υ can produce large changes in the structure of the star. Given these theoretical uncertainties, we will assume that this term is negligible and postpone a complete analysis to future work. In this case, on has γ = 1 and the definition (21) is the correct definition of G N . It is interesting to note, however, that the value of G outside a body is not universal but depends on ρ . In this sense, the equivalence principle is violated. The two body problem is notoriously difficult in galileon theories [52] and whether or not this is observable requires a more detailed analysis along the lines of [67] .
Finally, we must check for self-consistency. We have yet to fix the constant B 3 , which we do by matching to the sub-leading term in (17) that is suppressed by the Vainshtein mechanism. This is 
The constant term (r 0 ) in (B9) is
Matching this to equation (17) at the boundary we find
One can then expand the full solution in increasing powers of r to find that all of the terms we have neglected are suppressed compared to the r 3/2 term by successive powers of the Vainshtein radius. Our analysis is hence self-consistent. For completeness, we note that the behaviour at large distances is π (r) = B 3 r 2 = 8Υ 1 2
This is what one expects in Vainshtein screened theories where the force ratio (F 5 /F N at large distances scales like 2α 2 and so one can define an effective "coupling constant"
Canonical Quadratic Kinetic Terms
We were unable to find any self-consistent screened solutions for this case; here we will briefly outline the reason for this. If one follows the procedure above then it is straight-forward but algebraically tedious to check that there is no r −3/2 term in the equivalent of (B9), instead the expansion is of the form 
One may verify that any attempt to take one of the terms in this expansion as leading-order and use it as an approximation ultimately leads to a solution that is inconsistent. Once the procedure above has been followed, one can check for self-consistency by comparing the magnitude of the terms that were neglected to find that they are all enhanced by powers of r V /R or r/R. We stress here that this by no means implies that this particular theory does not screen because it remains to be checked whether the full non-linear solution screens. It is not possible to obtain analytic expressions for the constants B i and so this requires a full numerical investigation for a range of different parameters. This is clearly beyond the scope of this work. That being said, the analysis here is strong evidence that this particular theory does screen because the lack of a consistent expansion in any Vainshtein radius indicates that every term in equation (B5) is equally important. The lack of such a solution can be missed if one simply ignores the linear terms and assumes them to be small from the outset because one does not know which branch of solutions this corresponds to and there is no guarantee that it evolves towards the physical one at larger radii. Indeed, this behaviour is seen in the Horndeski quintic galileon [40] .
